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The main goal of this work is to propose a generalized model of interacting dark energy which
allows for the kinetic term of a scalar field to couple to the matter species a priori in the action. We
derive the modified field equations, and present novel cosmological solutions for a specific coupled
model. One alluring consequence is the emergence of solutions allowing for an early scaling regime,
possible due to two novel critical points, followed by a period of accelerated expansion. Using a
dynamical system analysis, we show that the presence of the coupling may alter the dynamical nature
of the critical points and can be used to enlarge the existence and stability regions of these. Using
constraints from Planck data we are able to find an upper bound on the coupling parameter. Finally,
it is shown how this theory encapsulates a wide variety of dark energy models already present in the
literature.
I. INTRODUCTION
The energy source driving the late-time acceleration
of the Universe [1, 2] remains unknown to this day, and
has been baptized as dark energy (DE). The simplest
candidate for this substance is the cosmological constant
Λ [3] which bears a fundamental role in the standard
model of Cosmology, the ΛCDM model. However, this
cosmological constant paradigm faces some unanswered
problems [3, 4] and so, cosmologists explore other possi-
bilities for this dark species. This quest usually focuses on
one of the following two alternatives: either one assumes
a modification of the gravitational sector, e.g. modified
gravity theories [5–8]; or one introduces a fluid with an
exotic character, such as scalar fields [9, 10]. This work
will focus on the latter. When portraying dark energy as
a cosmic fluid with the aid of canonical scalar fields, it
is usual to refer to these theories as quintessence models.
These were first proposed in [11] and one of their enticing
consequences is the emergence of scaling solutions [9, 12]
which might be used to alleviate the cosmic coincidence
problem [13, 14].
It is only natural to assume that the quintessence field
interacts with other matter sources. Coupled models were
then proposed in [11, 15] with particular viable scaling
solutions [16]. Certain types of couplings can be generated
in scalar-tensor theories [17–19], by doing a conformal
transformation. In these conformally coupled theories,
the matter fields are assumed to experience a different
metric, g˜µν , related to the one describing the gravitational
sector, gµν . In such case, the matter Lagrangian couples
to a field dependent function in the Einstein frame. The
generalization for multiple scalar fields and several matter
fluids was studied in [20], where it was found that, in
the case of exponential potentials, the scaling solutions
can be described in terms of a single field. A study on
the linear perturbations was also done in [21, 22] and the
influence of the coupling on structure formation and halo
mass functions was investigated in [23, 24]. The evolution
of the matter fluctuations in such coupled models are
modified by the emergence of a fifth force, induced by
the scalar degree of freedom, and an additional damping
term. The interplay between these two effects has an
impact on the growth rate of the perturbations and has
been used [25], for example, to alleviate the tension on
the perturbation parameter fσ8 observed for the ΛCDM
model [26, 27].
In the literature, a large number of theories regarding
dark energy either impose the couplings at the level of
the field equations [28–32] or they arise through a scalar-
tensor type theory [18]. A structured Lagrangian formal-
ism for coupled quintessence was examined in [33, 34]
where the matter species were coupled to a function solely
of the field. In [35], a coupled model where the mass of
the dark matter particles varies with the value of the dark
energy φ field through a Yukawa coupling was explored.
The action formalism for the case where the dark matter
fields are described in terms of either a wave function
ψ for 1/2-spin particles, or scalar dark matter particles,
was presented. The stability of quintessence models re-
garding quantum fluctuations was investigated in [36]
for both interacting (considering couplings to fermions)
and noninteracting models. Couplings to matter within
Horndeski theories were explored in [37], where the form
of the Lagrangian which allows for scaling solutions to
exist was derived .
In nature, it seems like most species naturally interact
with one another, so it is not unreasonable to consider
kinetic terms dynamically influencing other components.
Some models that explore this relation have been pro-
posed. Mimetic models [38, 39] with couplings incorpo-
rating the field derivatives have been studied in [40, 41].
In these theories, the derivatives of the mimetic field,
portraying dark matter, couple linearly to the matter
current in the action. It was shown that, in such cases,
by assuming a shift symmetry, the mimetic field can only
present derivative couplings (not directly involving the
field itself) to the matter content of the Universe. The
inclusion of derivative interactions, at the level of the
action, within quintessence models, was mentioned in
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2[42], where linear couplings of the field’s derivative to
the fluid’s four-velocity uµ were thoroughly explored, con-
sidering an object of the form uµ∇µφ. These so-called
scalar-fluid models are written using Brown’s formalism
[43] and consider derivative interactions expressed as a
linear coupling of the field derivative to the fluid vector-
density particle-number flux Jµ (related with the fluid’s
four velocity uµ) [44, 45]. A dynamical system analysis
was done in [46] and the analysis of the perturbations and
consequent formation of large scale structures was investi-
gated in [47]. Nonminimal kinetic couplings to curvature
were explored in [48, 49]. One alluring consequence found
was the existence of late time solutions leading to accel-
erated expansion. A final example of models in which
the field’s velocity has an intimate relation with the mat-
ter sector are the so-called disformally coupled theories
[50–53]. These models generalize the notion of conformal
transformations by allowing the rescaling of the metric
to take into account the kinetic term of the scalar field,
through a disformal transformation, for example of the
form g˜µν = C(φ)gµν + D(φ)∂µφ∂νφ [54]. The rescaled
metric, in which the matter fields live, is now intimately
connected with the field’s velocity when D(φ) 6= 0. The
analysis of spherical collapse and cluster number counts
in disformally coupled theories was explored in [55]. A
generalization of derivative couplings in scalar-fluid mod-
els can be found on the last pages of [47] with the aid of
disformal couplings.
In this work we propose a generalized form for interact-
ing dark energy models by allowing a general scalar field φ,
with Lagrangian density P (φ,X), where X ≡ − 12∂µφ∂µφ,
to kinetically couple to the matter sources. That is, we
will assume that the kinetic term X of the scalar field can
directly couple to matter fields at the level of the action.
We will assume that this interaction is described through
a general function expressed in terms of the field and its
derivatives, f(φ,X), in the Lagrangian. This term takes
the form f(φ,X)L˜m, where L˜m is the matter Lagrangian.
After deriving the cosmological field equations for the pro-
posed theory, we solve them for a particular model and
show that the presence of the coupling allows for solutions
with an early scaling regime followed by an accelerated
expansion period, when this f function depends solely on
the kinetic term. We will show that the scaling regime,
useful to alleviate the cosmic coincidence problem, is only
possible due to the emergence of two new critical points
when the coupling is present. By rewriting the equations
of motion as a first order dynamical system, we study the
nature of the kinetic coupling on the overall evolution of
the cosmological parameters. We find an upper bound
for the coupling parameter using constraints from Planck
data. Finally, we show how specific cases of this theory
reproduce a large number of dark energy models already
explored in the literature.
This work presents the following structure: the general
equations of the proposed theory are derived in II A and
in subsection II B we show how already known models
of dark energy can naturally emerge as special cases of
the theory. In III A we demonstrate a particular example,
where we specify the Lagrangian for the species, the
coupling function and follow to rewrite the equations of
motion as a dynamical system. The study regarding the
nature of the critical points of the linear autonomous
system is presented in III B. We numerically solve the
equations in III C, present the solutions and analyse them.
Finally we conclude in section IV.
II. MODEL
A. Action and field equations
The geometry of our Cosmology can be described by a
smooth differentiable manifoldM endowed with a metric
g which provides information regarding distance measure-
ments on the Universe. The pair (M,g) forms a smooth
Riemannian space whereupon we will allow the matter
species to live.
Regarding the matter sector we will consider a two-
component Universe, consisting of one scalar field φ, cou-
pled to one matter fluid, with Lagrangian densities Lφ
and L˜m respectively. The total action, minimally coupled
to Einstein gravity, of the proposed kinetically coupled
model can be written as
S =
∫
d4x
√−g
[
R
16piG
+ P (φ,X) + f(φ,X)L˜m(gµν , ψ)
]
,
(II.1)
where g ≡ det gµν , being gµν the components of the metric
tensor, R is the Ricci scalar portraying the gravitational
sector, constructed from the metric gµν , ψ represents
the matter field, and the function f(φ,X) entails the
information on how the φ field couples to the matter
species. Note that the novelty of this work is to allow the
function f to depend also on the kinetic term of the field,
X ≡ − 12gµν∂µφ∂νφ. From Eq.(II.1) we can identify the
scalar field Lagrangian as Lφ = P (φ,X).
Varying the action Eq.(II.1) with respect to the metric
holds the modified field equations,
1
8piG
Gµν = T
(φ)
µν + f T˜
(m)
µν + f,X L˜m∂µφ∂νφ, (II.2)
where
T (i)µν ≡ −2
δLi
δgµν
+ Ligµν (II.3)
are the energy-momentum tensors of the ith species and
Gµν are the components of the Einstein tensor. In order
to avoid extensive expressions we simply write P (φ,X) ≡
P and f(φ,X) ≡ f . The fact that we are considering
couplings that also depend on the kinetic term of the
scalar field, gives rise to a new interaction term - the
last one on the right-hand side of Eq. (II.2) - in the
Einstein equations. As we will see, this will alter the
conservations relations, and thus have an impact on the
overall dynamical evolution of the system.
3We can rewrite the field equations in a more familiar
form, by defining
Lm(gµν , ψ, φ,X) ≡ f(φ,X)L˜m(gµν , ψ). (II.4)
We will work with this quantity, representing an effective
matter Lagrangian encapsulating the effect of the coupling
on the fluid per se, which is more convenient and simplifies
both the analysis and the equations. In this framework,
the stress-energy tensors are related through,
T (m)µν = −2
δLm
δgµν
+ Lmgµν
= f T˜ (m)µν − 2L˜m
δf
δgµν
= f T˜ (m)µν + f,X L˜m∂µφ∂νφ, (II.5)
and we can rewrite the field equations, Eq.(II.2), more
conveniently as
1
8piG
Gµν = T
(φ)
µν + T
(m)
µν . (II.6)
The action Eq. (II.1) leads to the following equations
of motion for φ,
P,φ + P,X (∇µ∂µφ)− P,XX∂µφ∂αφ (∇µ∂αφ)
+P,Xφ∂
µφ∂µφ = LmQ, (II.7)
where P,φ ≡ ∂P/∂φ, ∇µ is the covariant derivative and
the coupling term Q can be penned as
Q = −f,φ
f
− f,X
f
[
∇µ∂µφ+ ∂µφ
(∇µLm
Lm −
f,φ
f
∂µφ
+
f,X
f
∂αφ∇µ∂αφ
)]
− f,Xφ
f
∂µφ∂µφ
+
f,XX
f
∂µφ∂αφ (∇µ∂αφ) . (II.8)
The Bianchi identities declare that the total energy
momentum tensor is conserved,
∇µGµν = 0 ⇒ ∇µ
(
T (φ)µν + T
(m)µ
ν
)
= 0, (II.9)
however, each individual component is not. The conser-
vation relations take the form:
∇µT (φ)µν = LmQ∇νφ, (II.10)
∇µT (m)µν = −LmQ∇νφ, (II.11)
where Q is given by Eq.(II.8).
We remark that all the equations derived so far are
completely general, in the sense that no specific choice
for the metric gµν or for the coupling f was assumed.
A large number of interacting dark energy models in
the literature follow to impose the coupling at the level of
the conservation relations [56–63], choosing a particular
form for the term on the right-hand side of Eqs. (II.10)
and (II.11). Interacting models with noncanonical scalar
fields have also been studied [64–66], which may allow
couplings to depend nonlinearly on φ˙ [67]. Here however,
the coupling is imposed at the level of the action, by
choosing a particular form for f(φ,X), and then, the con-
servation relations naturally emerge a posteriori from this
choice. Similar studies were explored, with a canonical
scalar field in [33], and for a tachyon field in [68], for the
case where f ≡ f(φ).
B. Particular cases
Inspecting Eq.(II.1), we easily note that by neglecting
the coupling (taking f = 1), we recover the standard
k-essence models extensively studied in the literature
[69–74]. Moreover, in the case of a canonical scalar field,
P (φ,X) = X − V (φ), (II.12)
where V (φ) is the potential function, the theory reduces
to a quintessence model describing the dark energy source
with a standard, noninteracting, canonical scalar field [13].
Setting f ≡ f(φ) yields coupled quintessence models [15]
that were explored in, for example, [33].
Assuming that our matter component plays the role of
a pressureless fluid, we may write its Lagrangian density
as [75, 76],
Lm = −ρm, (II.13)
which holds for the energy-momentum tensor,
T (m)µν = ρmuµuν , (II.14)
the form of a pressureless perfect fluid, with uµ being
the four-velocity vector. In such case, it is interesting to
notice that, when f = f(φ), Eqs.(II.10) and (II.11) take
the form:
∇µT (φ) µν =
f,φ
f
ρm∇νφ, (II.15)
∇µT (m) µν = −
f,φ
f
ρm∇νφ, (II.16)
where, in this case, Q = −f,φ/f . These relations naturally
arise in scalar-tensor theories [19], in the Einstein frame,
where the conformal factor is related with the coupling
function through
g˜µν = f(φ)
2gµν . (II.17)
Specifying f(φ) = eCφ, where C is a constant, we restore
coupled quintessence models [15, 17, 20], with Q = −C.
The case where the coupling is a function of the field,
C = C(φ), was explored in [21].
Equations (II.15) and (II.16) hold an equivalence to
a scalar tensor theory only because we have assumed a
pressureless fluid form, given by Eq.(II.14), in which case
the matter Lagrangian, Eq.(II.13), equals the trace of the
energy momentum tensor [33],
Lm = T (m) = −ρm. (II.18)
Obviously, the equations would not be valid for a more
general fluid.
4III. SPECIFIC SOLUTION
A. Kinetically coupled quintessence
Now that we have presented the underlying formalism
for our theory, we follow to particularize for a specific
case. We will assume that the accelerated expansion is
mediated by a canonical scalar field φ, the quintessence
field, with Lagrangian density given by Eq.(II.12), kineti-
cally coupled to a cold dark matter component (CDM),
described by Eq.(II.13). Here, we assume that the inter-
acting matter species plays the role of dark matter, as
couplings to other fields, such as radiation or baryons, are
strongly constrained by solar system constraints [77–82].
Because the specific form for the dark matter Lagrangian
is still unknown, here we assume that it can be expressed
through a pressureless fluid, Eq. (II.13). Without loss of
generality we will work with units where 8piG = 1.
Regarding the line element, we will stand on a flat
Friedmann-Lemaˆıtre-Robertson-Walker background Cos-
mology,
ds2 = −dt2 + a(t)2δijdxidxj , (III.1)
where a(t) is the scale factor of the Universe as a function
of cosmic time t.
We will assume an exponential potential of the form
V = V0 e
−λφ, (III.2)
where V0 is a constant with dimensions of mass
4 and
λ is a dimensionless constant, expressing the stiffness
of the potential. Potentials of the form Eq.(III.2) have
shown to present viable cosmological scaling solutions
[9, 16, 20, 83].
For concreteness, we close the system by specifying the
following form for the coupling function, depending solely
on the kinetic term,
f = Xα, (III.3)
where now, with Eq.(III.1), we have on the background
X = 12 φ˙
2, and α is a constant that dictates the strength of
the kinetic coupling. When α = 0 we recover the standard
uncoupled quintessence model [84].
Through the ν = 0 component of Eqs. (II.10) and
(II.11), the components of our Universe are then found to
evolve as:
φ¨+ 3Hφ˙+ V,φ = ρm Q, (III.4)
ρ˙m + 3Hρm = −φ˙ ρm Q, (III.5)
where H ≡ a˙/a is the Hubble rate, and from Eqs.(II.8),
(II.13), (III.3), (III.4) and (III.5) we find
Q = 2α
3Hφ˙− λV
φ˙2 + 2α
(
ρm + φ˙2
) . (III.6)
The evolution equations are subjected to the Friedmann
constraint, the 00−component of Eq.(II.6),
3H2 = ρφ + ρm, (III.7)
where the energy density and pressure of the field reads,
as usual,
ρφ =
1
2
φ˙2 + V, (III.8)
pφ =
1
2
φ˙2 − V. (III.9)
The rate of change of the Hubble parameter is given
by,
− 2H˙ = ρm + φ˙2. (III.10)
In order to examine the dynamics of the system, it is
common practice in Cosmology to introduce the following
set of dimensionless variables [9] (sometimes referred to
as expansion-normalized variables [85]),
x2 ≡ φ˙
2
6H2
, y2 ≡ V
3H2
, z2 ≡ ρm
3H2
, (III.11)
and rewrite the equations Eqs.(III.4) and (III.5) in the
form of an autonomous system of first order differential
equations,
x′ = −x
(
3 +
H ′
H
)
+
√
3
2
(
λy2 + Qz2
)
, (III.12)
y′ = −y
(√
3
2
λx+
H ′
H
)
, (III.13)
z′ = −z
(
3
2
+
H ′
H
+
√
3
2
xQ
)
, (III.14)
where a prime denotes derivative with respect to the
number of e-folds, N ≡ ln a, and
H ′
H
= −3
2
(1 + weff) , (III.15)
where
weff = x
2 − y2 (III.16)
is the effective equation of state parameter.
The equation of state parameter for the quintessence
field reads
wφ =
pφ
ρφ
=
x2 − y2
x2 + y2
. (III.17)
The constraint Eq. (III.7) can now be written as
1 = x2 + y2 + z2, (III.18)
and is used to replace z in terms of x and y, reducing
the dimension of the dynamical system. The coupling
5Point xc yc Ωφ weff wφ Existence Accel.
(A) 0 0 0 0 − ∀α, λ No
(B±) ±1 0 1 1 1 ∀α, λ No
(C) λ√
6
√
1− λ2
6
1 λ
2
3
− 1 λ2
3
− 1 0 < λ2 6 6 λ2 < 2
(D±) ±
√
α
1+α
0 α
1+α
α
1+α
1 ∀α, λ No
(E)
√
3
2
1+2α
λ(1+α)
√
3−2α(1+α)(λ2−6)
2λ2(1+α)2
3−α(1+α)(λ2−12)
λ2(1+α)2
α
1+α
λ2α(1+α)
3−α(1+α)(λ2−12) Eq. (III.25) No
TABLE I. Fixed points of the system (III.12)-(III.14), respective relative energy densities, equation of state parameters, existence
regions and whether they feature accelerated expansion.
parameter Q, Eq. (III.6), can also be rewritten in terms
of the dynamical variables,
Q = α
√
6x− λy2
x2 + α (1 + weff)
. (III.19)
Consistently, when α = 0 the system reduces to the one
studied in [20].
Kindly note that, the coupling function f ∝ φ˙2α,
Eq. (III.3), diverges if (α < 0)∧ (φ˙ = 0), and the coupling
term, Eq. (III.19), also diverges for negative values of α
along the values
y2 = 1 + x2
(
1 +
1
α
)
, (III.20)
giving rise to an ill-defined phase space. For this reason,
henceforth we assume α to be non-negative, that is α > 0.
B. Fixed point analysis and invariant sets
In this subsection we report the nature of the critical
points of the linear autonomous system (III.12)-(III.14)
in terms of the free parameters present: strength of the ki-
netic coupling α and the stiffness of the potential given by
λ. For cosmological applications, we are mainly interested
in three properties: existence, stability and whether they
feature accelerated expansion. The existence can simply
be analysed through the condition 0 6 Ωφ = x2 + y2 6 1
and requiring that the critical points are real valued. The
acceleration nature is easily found by requiring that the
effective equation of state obeys weff = x
2 − y2 < −1/3.
By linearising the system and considering a small per-
turbation around each fixed point, its stability can be
studied through the eigenvalues of the stability matrix.
More explicitly, given a linearised autonomous system,
x′ = Ax, (III.21)
where x = (x1, ... , xn) ∈ Rn and A is an n×n matrix, the
stability of the fixed points (where x′ = 0) is determined
by the eigenvalues of the matrix A evaluated at the critical
point (see, for example [84]). The Hartman-Grobman
theorem [86] guarantees that the linear approximation
is effective in expressing the dynamical behavior of the
non-linear system, near the critical points. A fixed point
is said to be stable (unstable) if the eigenvalues are all
negative (positive). If at least one eigenvalue is positive
and one negative, the point is a saddle. We refer the
reader to [84, 85] for technical details and applications of
dynamical systems to DE and modified gravity.
The system of Eqs.(III.12)-(III.14) is symmetric under
the reflection y 7→ −y and time reversal t 7→ −t. There-
fore, we will only consider the upper half disk y > 0 for our
analysis. The dynamical system presents an additional
symmetry, under the transformation (x, λ) 7→ (−x,−λ),
meaning that the phase space is fully characterized if we
only consider non-negative values of λ.
The fixed points of the system of Eqs.(III.12)-(III.14),
which are found through (x′, y′) = (0, 0), are presented in
Table I.
• Point (A): The origin of the phase space, (xc, yc) =
(0, 0), corresponds to a matter dominated Universe,
Ωm = 1, and exists for all values of λ and α. This
point does not generate accelerated expansion and
is never stable. In the absence of coupling, α = 0,
this fixed point has a saddle nature, attracting the
trajectories along the x-axis and repelling them
towards the y-axis. However, when α 6= 0, this
critical point acquires a repulsive nature. Thus, the
presence of the kinetic coupling alters the dynamical
nature of this critical point.
• Point (B±): These critical points correspond
to scalar field kinetic dominated solutions, with
Ωφ = x
2 = 1, where the Universe is totally gov-
erned by the kinetic energy of the quintessence field.
The equation of state describes a stiff fluid with
weff = wφ = 1, and consequently, no acceleration
is generated. These points exist for all values of
λ and α and are never stable. Critical point (B+)
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FIG. 1. Phase space of the system (III.12)-(III.14), with λ = 1, for different values of α (see respective title). The critical
points are marked with black dots (with labels inside referenced to Table I). The shaded region corresponds to the area of the
phase space for which the Universe is accelerating, i.e. where the condition weff < −1/3 is met.
is a saddle for λ <
√
6 (λ > −√6 for (B−)) and a
repeller otherwise.
• Point (C): This critical point corresponds to a
scalar field dominated solution, Ωφ = 1. It exists
for λ2 6 6, and if the coupling is present, α 6=
0, we also need to ensure that the parameter Q,
Eq. (III.19), is well defined. This translates into
adding the condition λ 6= 0 for its existence when
α 6= 0. Acceleration is generated for λ2 < 2. If one
neglects the coupling, α = 0, this point is stable for
λ2 < 3. However, for α 6= 0, the stability region can
be enlarged into
λ2 < 3
1 + 2α
1 + α
. (III.22)
This shows how the presence of the coupling can be
used to widen the region in which (C) is an attractor.
Fixed point (C) is a repeller when λ2 > 6 and a
saddle otherwise.
• Point (D±): These are novel critical points which
emerge only if the kinetic coupling is present, and
they exist for any values of α and λ. They corre-
spond to a scaling solution, with Ωφ =
α
1+α , and
coincide with the points (B±) in the limit where
α → ∞, and with (A) when α → 0. The effective
equation of state parameter reads weff =
α
1+α , thus
no acceleration is generated. Stability is achieved if
λ >
√
6 +
3
2α(1 + α)
, (III.23)
for point (D+),
λ < −
√
6 +
3
2α(1 + α)
, (III.24)
for (D−), and they acquire a saddle nature otherwise.
As it will be shown in the next section, these critical
points will play a major role on the cosmic evolution
as they allow an early period of a scaling regime.
• Point (E): This critical point is also found for the
uncoupled case, α = 0, [84], in which case, it exists
for λ2 > 3. Here, however, it presents a generalized
form with a dependence on α. It corresponds to
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FIG. 2. Evolution of the energy densities for the field (ρφ)
and matter (ρm) for the solutions of Eqs.(III.12)-(III.14), with
λ = 0.2 and different values of α (see legend).
a scaling solution, with Ωφ =
3−α(1+α)(λ2−12)
λ2(1+α)2 . In
this model, when α 6= 0, its existence is expressed
through the region
6− 3
α+ 1
6 λ2 6 3
2
(
4 +
1
α
− 1
1 + α
)
. (III.25)
This critical point is always stable and it does not
generate accelerated expansion.
Please note that, when x = 0, Eq. (III.12) reduces to
x′ = 0. This means that, when the kinetic coupling is
present, α 6= 0, the axis x = 0 slices the phase space into
two invariant sets (see [85]), x < 0 and x > 0: trajecto-
ries on these regions will always remain there. Therefore,
assuming an expanding Universe, that is H > 0, the field
will always evolve in the same direction: the sign of φ˙
never changes in any physical orbit. The trajectory on
the x = 0 axis (also an invariant set itself) accounts for
a Λ+CDM cosmology, with an uncoupled pressureless
matter source and a cosmological constant with energy
density ρΛ = ρφ = V = constant. Therefore, any trajec-
tory with initial condition xi = 0, will inevitably mimic a
ΛCDM cosmology, describing a transition from a matter
dominated epoch, (x, y)→ (0, 0), into a potential totally
dominated Universe, (x, y) → (0, 1). This final state,
mimics a cosmological constant governed solution, with
wφ = weff = −1, and Ωφ = y2 = 1.
There is an additional effect due to the slicing of the
phase space. As stated above, when the kinetic coupling is
present, the sign of x does not change in any physical orbit.
Therefore, if one wishes to reach the future attractor (C)
with an initial condition satisfying xi < 0, we should also
guarantee that λ < 0 so that (C) lies on the x < 0 plane
of the phase space. The invariance of the system under
the transformation (x, λ) 7→ (−x,−λ), guarantees that,
by simultaneously changing the signs of xi and λ, the
same cosmological evolutions are attained.
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FIG. 3. Relative energy densities Ωφ (solid) and Ωm (dashed),
for the solution of Eqs.(III.12)-(III.14), with λ = 0.2 and
different values of α (see legend).
C. Solutions and dynamical system analysis
The only fixed point that generates accelerated expan-
sion and is stable is point (C). Therefore, we will rely
on this point, a scalar field totally dominated solution
(see Table I), to be the configuration towards which our
Universe evolves into (a future attractor candidate). It
is a well known, and widely studied, critical point that
exists in scalar field models of dark energy and inflation
[9, 87]. Here however, points (E) and (D±) are also stable
for certain values of λ and α whilst not featuring acceler-
ated expansion. There is no risk of the trajectories falling
into these points rather than (C), since the parametric
window for λ where (C) generates acceleration is outside
the regions of existence of point (E) and stability of (D±).
Hence, in our simulations the critical point (E) is absent
from the phase space and (D±) are saddles.
When we switch on the kinetic coupling, that is α 6= 0,
we have the emergence of two new transient critical points,
labeled as (D±) in Table I. For small values of α they
emerge near the origin, D± α→ 0−−−−→ A, and are shifted
along the x-axis, until they coincide with the points (B±)
respectively, in the limit where the coupling is large, that
is D± α→∞−−−−−→ B±. This effect can be better seen on
Fig.1. These critical points are relevant for cosmological
implications since they present a scaling behavior with
Ωφ = α/(1 + α) (see Table I). These scaling regimes
are one enticing consequence of exploring models beyond
the standard ΛCDM [12], as they alleviate the cosmic
coincidence problem by hiding the presence of the scalar
field throughout an early period, where its energy density
may be large, albeit small at present times. Note that in
the current work, this new feature can only be achieved in
the presence of the coupling, α 6= 0, absent in the standard
uncoupled model. As the critical point (D) is a saddle,
we can naturally exit the scaling regime and proceed
towards the accelerating attractor (C). To this end, we are
interested in the heteroclinic orbits connecting (D)→(C)
(rigorously, orbits passing sufficiently close to them). They
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FIG. 4. Interaction term Q for the solutions of Eqs.(III.12)-
(III.14), with λ = 0.2, and different values of α (see legend).
represent a transition from a matter dominated epoch to
a scalar field totally dominated era.
To guarantee the scaling regime during the matter
domination, we start the simulations near the critical
point (D+) with xi =
√
α/(1 + α) (see Table I). The
initial condition for y is tuned with the parameters (always
near the critical point (D) to ensure the scaling) such that
at present times Ω0φ ≈ 0.7 and weff ≈ −0.7, as it is
suggested by cosmological observations [88]. Finally, we
start the simulations at Ni = −4 (z ≈ 54), to ensure that
we are in a matter dominated epoch.
Figure 2 depicts the energy densities ρφ and ρm for a
particular set of solutions of Eqs.(III.12)-(III.14), with
λ = 0.2 and different values of α (see legend). We clearly
note that as the coupling emerges, α 6= 0, a scaling regime
arises, in contrast with the uncoupled quintessence model.
During this epoch, the scalar field scales with matter as
ρφ/ρm = α, eventually exiting this regime and becoming
dominant as it evolves towards the attractor (C). Figure 3
displays the evolution of the relative energy densities, Ωφ
and Ωm, for various coupling parameters (see respective
legend). We note that the transition from a matter to a
DE dominated era happens earlier in the cosmic history for
larger values of the coupling, as energy is being transferred
from the dark matter component into the quintessence
field. A similar behavior was found in [25] considering
conformal couplings. Kindly note that the values of Ωφ
for α = 0.02 in Fig. 3 suggest that the contribution of
the scalar field energy at early times might be significant.
This trend leads us to the following subject.
It is known [89, 90] that the presence of a significant
amount of early dark energy can substantially affect
the position of the cosmic microwave background peaks.
Therefore, this DE contribution at early times can be
constrained by observations such as CMB lensing and
small-scale measurements. From the Planck 2015 data
[90] an upper bound of Ωφ < 0.0036 was found at 95%
confidence level (for Planck TT,TE,EE+lowP+BSH). Re-
garding the present work, it is possible to use this con-
straint to bound the parameter α, since during the scaling
regime the energy density of the scalar field depends solely
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FIG. 5. Evolution of the effective equation of state parameter,
weff , and equation of state for the quintessence field, wφ, for
the solution of Eqs.(III.12)-(III.14) with λ = 0.2 and different
coupling values (see legend).
on this coupling parameter, Ωφ = α/(1 + α) (see Table
I). Thereupon, we find α < 0.0036. This guarantees that
the dark energy signatures are negligible during matter
domination. Note, however, that models with early dark
energy may present a larger expansion rate at early times
[91] and have been used to alleviate the H0 tension [92].
Following the scaling regime, the trajectories move
towards the attractor (C) where an interesting demeanour
occurs. Note that, even though the values of x and y at
(C) are independent of α (see Table I), the value of the
coupling parameter Q at the attractor is nonzero:
Q =
α
1 + 2α
. (III.26)
We illustrate this behavior in Fig.4. This suggests that
when the Universe is reaching the scalar field totally domi-
nated era, the dark species carry on with their interaction.
However, this synergy becomes negligible at the attractor,
as ρm → 0 (see Eqs.(III.4) and (III.5)).
In Fig. 5 we report the evolution of the effective equa-
tion of state weff and the equation of state for the
quintessence field wφ. As shown earlier, when α = 0
no scaling regime occurs and therefore the trajectory im-
mediately begins to evolve towards the attractor (C). On
the other hand, this departure is delayed in the presence
of the interaction, due to the emergence of the scaling
critical point (D+). This effect becomes more noticeable
with increasing α. From Fig. 5 we also note that the
previously described effect is dormant on the effective
equation of state of the Universe, meaning that there are
no significant changes on weff with increasing α. This is
ascribed to the fact that, for the coupling parameters cho-
sen, we have ensured that the effects of DE are negligible
during early times. When the transition to a dark energy
era happens, the φ field will eventually dominate, and
ultimately, accelerate the expansion (i.e. weff < −1/3).
Note that a cosmological constant behavior at the attrac-
tor, can only be achieved through λ→ 0, in which case
wφ → −1 (see Table I).
9We finalize this section with a subtlety that should be
addressed. The bounds found for the coupling parameter
α may be alleviated if one shifts the early scaling regime
towards latter times, where the constraints for Ωφ are
not so stringent (see Fig.11 of [90]). In principle, one
way of achieving this would be through choosing initial
conditions further away from critical point (D) and closer
to (xi, yi) ≈ (0, 0), where the trajectories would enter
the scaling regime later in the cosmic history. However,
as this critical point is always a saddle in the present
work, by choosing initial conditions far from it one would
need to ensure that the solution would pass during a
significant amount of time near point (D) - to guarantee
the scaling - without being forthwith repelled towards
the attractor. Nonetheless, an alternative to realize this
effect might be considering a different choice for the po-
tential, for instance a double exponential potential [16]
where an early scaling is likewise present [12, 20]. In such
case, by avoiding the Planck constraints, one procedure
to test the model at lower redshifts could be through
direct measurements of the Hubble rate, such as quasar
distance measurements, from their X-ray and ultraviolet
emission [93]. It was found deviations from ΛCDM at 4σ
when taking into account data for z > 1.4 (see Fig.3 of
[93]). Furthermore, the future space-based interferometer
eLisa [94] is expected to be able to constrain early and
interacting dark energy models at redshifts 1 < z < 8
[95, 96] from gravitational wave standard sirens.
IV. CONCLUSIONS
We explored a generalization of interacting dark energy
models by allowing the kinetic term of a scalar field to
couple to the matter sector at the level of the action.
In section II A we exposed the action and presented the
modified field equations together with the individual con-
servation relations for the species.
In section III we solved the equations for an FLRW
Universe, considering a canonical scalar field interacting
with a pressureless matter fluid (which is interpreted as a
cold dark matter component) by specifying a particular
form for the kinetic coupling. The main feature found is
the possibility of having cosmological solutions with an
early scaling regime, where the effects of dark energy are
negligible during the matter domination era, followed by a
period of accelerated expansion, with a late time attractor.
This early scaling regime becomes possible due to the
emergence of two novel transient critical points, labelled
as (D+) and (D−), when the kinetic coupling is present.
These points represent a scaling solution with Ωφ =
α
1+α .
These solutions are relevant for DE cosmologies since they
can alleviate the cosmic coincidence problem, hiding the
presence of the scalar field at the background level. During
this regime, the energy density of the field may be large,
despite its small value at present times. From Planck data,
we were able to find an upper bound of α 6 0.0036 on the
coupling parameter. One also finds that the presence of
this interaction slices the phase space into two invariant
sets, x < 0 and x > 0, leading to the fact that the sign of
φ˙ is not allowed to change in any physical orbit. Thus, any
trajectory with initial condition φ˙i = 0 freezes the field
(φ = const. ∀N > Ni) and inevitably reproduces a ΛCDM
solution, evolving into a cosmological constant governed
Universe with ρφ = ρΛ = V = const. and wφ = weff = −1.
Through the dynamical system analysis we have shown
that the parametric region where the critical point (C)
is an attractor can be enlarged by the presence of the
coupling. Finally, the transition from a matter dominated
epoch into a DE era happens earlier in the cosmic history
when the coupling is stronger.
We highlight that the main difference of this theory, in
contrast with the standard coupled quintessence models
hitherto, is the underlying theoretical motivation. Here,
the kinetic term of the field is allowed to couple to the
matter fluids a priori in the action. As an aftermath
of this assumption we reach a generalized form for the
Bianchi identities, presented through the conservation
relations for the species, Eqs.(II.10) and (II.11). As we
have shown, this model encapsulates a plethora of existing
models of dark energy as specific choices for the functions
within the theory.
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